We generalize the concept of well-posedness by perturbations for optimization problem to a class of variational-hemivariational inequalities. We establish some metric characterizations of the well-posedness by perturbations for the variational-hemivariational inequality and prove their equivalence between the well-posedness by perturbations for the variational-hemivariational inequality and the well-posedness by perturbations for the corresponding inclusion problem.
Introduction and Preliminaries
The concept well-posedness is important in both theory and methodology for optimization problems. An initial, already classical concept of well-posedness for unconstrained optimization problem is due to Tykhonov in 1 . Let f : V → R ∪ { ∞} be a real-valued functional on Banach space V . The problem of minimizing f on V is said to be well-posed if there exists a unique minimizer, and every minimizing sequence converges to the unique minimizer. Soon after, Levitin and Polyak 2 generalized the Tykhonov well-posedness to the constrained optimization problem, which has been known as the Levitin-Polyak well-posedness. It is clear that the concept of well-posedness is motivated by the numerical methods producing optimizing sequences for optimization problems. Unfortunately, these concepts generally cannot establish appropriate continuous dependence of the solution on the data. In turn, they are not suitable for the numerical methods when the objective functional f is approximated About the subgradient in the sense of convex analysis, the Clarke's generalized directional derivative and the Clarke's generalized gradient, we have the following basic properties see, e.g., 17, 19, 33, 34 . 
Then the perturbed Clarke's generalized directional derivative J • 2 p, · : V × V → R and the perturbed Clarke's generalized gradient ∂ 2 J p, · : V → 2 V * corresponding to the perturbed locally Lipschitz functional J are, respectively, specified as
1.11
The perturbed subgradient
Based on the above-perturbed mappings, the perturbed problem of VHVI A, f, J, G is given by
1.13
In the sequel, we recall some important definitions and useful results. 
Then, there exists y * ∈ C * such that
Well-Posedness by Perturbations of VHVI A, f, J, G with Metric Characterizations
In this section, we generalize the concept of well-posedness by perturbations to the variational-hemivariational inequality VHVI A, f, J, G and establish its metric characterizations.
Definition 2.1. Let {p n } ⊂ P with p n → p * . A sequence {u n } ⊂ V is said to be an approximating sequence corresponding to {p n } for VHVI A, f, J, G if there exists a nonnegative sequence { n } with n → 0 as n → ∞ such that u n ∈ dom G p n , · and
2.1
Definition 2.2. VHVI A, f, J, G is said to be strongly resp., weakly well-posed by perturbations if VHVI A, f, J, G has a unique solution in V , and for any {p n } ⊂ P with p n → p * , every approximating sequence corresponding to {p n } converges strongly resp., weakly to the unique solution.
Remark 2.3. Strong well-posedness by perturbations implies weak well-posedness by perturbations, but the converse is not true in general.
Definition 2.4. VHVI A, f, J, G is said to be strongly resp., weakly well-posed by perturbations in the generalized sense if VHVI A, f, J, G has a nonempty solution set S in V , and for any {p n } ⊂ P with p n → p * , every approximating sequence corresponding to {p n } has some subsequence which converges strongly resp., weakly to some point of solution set S.
Remark 2.5. Strong well-posedness by perturbations in the generalized sense implies weak well-posedness by perturbations in the generalized sense, but the converse is not true in general.
To derive the metric characterizations of well-posedness by perturbations for VHVI A, f, J, G , we define the following approximating solution set of VHVI A, f, J, G : For any > 0,
where B p * , denotes the closed ball centered at p * with radius . For any > 0, u ∈ Ω and any set K ⊂ Ω , we define the following two functions which are specified as follows:
2.3
It is easy to see that p , u is the smallest radius of the closed ball centered at u containing Ω , and q , K is the excess of approximating solution set Ω over K. Based on the two functions p , u and q , K , we now give some metric characterizations of well-posedness by perturbations for the VHVI A, f, J, G .
Theorem 2.6. VHVI A, f, J, G is strongly well-posed by perturbations if and only if there exists a solution u
* for VHVI A, f, J, G and p , u * → 0 as → 0.
Proof. "Necessity": suppose that VHVI A, f, J, G is strongly well-posed by perturbations. Then Ω / ∅ for all > 0 since there is a unique solution u * belonging to Ω by the strong well-posedness by perturbations for VHVI A, f, J, G . We now need to prove p , u * → 0 as → 0. Assume by contradiction that p , u * does not converge to 0 as → 0, then there exist a constant l > 0 and a nonnegative sequence { n } with n → 0 such that
By the definition of function p , u , there exists u n ∈ Ω n such that
which is a contradiction to the assumption p , u * → 0 as → 0. Now, let {p n } ⊂ P with p n → p * and {u n } be an approximating sequence corresponding to {p n } for VHVI A, f, J, G . Then there exists a nonnegative sequence { n } with n → 0 such that
2.8
Taking δ n p n − p * L and n max{δ n , n }, it easy to see that n → 0 as n → ∞ and u n ∈ Ω n . Since u * is the unique solution for VHVI A, f, J, G , u * also belongs to Ω n . And so, it follows from the definition of p , u that
2.11
Clearly, p n → p * as n → ∞. This together with the above inequality implies that {x n } is an approximating consequence corresponding to {p n } for VHVI A, f, J, G . It follows from the strongly well-posedness by perturbations in the generalized sense for VHVI A, f, J, G that there is a subsequence {u n k } of {u n } which converges to some point of S. This is contradiction to 2.10 and so q , S → 0 as → 0.
"Sufficiency": we suppose that the solution set S of VHVI A, f, J, G is nonempty compact and q , S → 0 as → 0. Let {p n } ⊂ P be any sequence with p n → p * and {u n } an approximating sequence corresponding to p n for VHVI A, f, J, G , which implies that
2.12
Taking n max{ n , p n − p * L }, it is easy to see that n → 0 and u n ∈ Ω n . It follows that d u n , S ≤ e Ω n , S q n , S −→ 0.
2.13
Since the solution set S of VHVI A, f, J, G is compact, there exists u n ∈ S such that
Again from the compactness of solution set S, u n has a subsequence {u n k } converging strongly to some point u ∈ S. It follows from 2.14 that
which implies that {u n k } converges strongly to u. Thus, VHVI A, f, J, G is strongly wellposed by perturbations in the generalized sense. This completes the proof of Theorem 2.7.
The strong well-posedness by perturbations in the generalized sense for VHVI A, f, J, G can also be characterized by the behavior of noncompactness measure of its approximating solution set. 
Then, VHVI A, f, J, G is strongly well-posed by perturbations in the generalized sense if and only if
Proof. From the metric characterization of strongly well-posedness by perturbations in the generalized sense for VHVI A, f, J, G in Theorem 2.7, we can easily prove the necessity. In fact, since VHVI A, f, J, G is strongly well-posed by perturbations in the generalized sense, it follows from Theorem 2.7 that the solution set S of VHVI A, f, J, G is nonempty compact and q , S → 0 as → 0. Then, we can easily get from the compactness of S and the fact S ⊂ Ω for all > 0 that Ω / ∅ for all > 0 and
Now we prove the sufficiency. First, we claim that Ω is closed for all > 0. In fact, let {u n } ⊂ Ω and u n → u. Then there exists p n ∈ B p * , such that
2.18
Without loss of generality, we can suppose that p n → p ∈ B p * , since L is finite dimensional. By taking lim sup at both sides of above inequality, it follows from the assumptions i -iii and the upper semicontinuity of J
2.19
Thus, u ∈ Ω and so Ω is closed. Second, we prove that
It is obvious that S ⊂ ∩ >0 Ω since the solution set S ⊂ Ω for all > 0. Conversely, let u ∈ ∩ >0 Ω , and let { n } be a nonnegative sequence with n → 0 as n → ∞. Then for any n ∈ N, u ∈ Ω n , and so there exists p n ∈ B p * , n such that
2.21
Since p n ∈ B p * , n and n → 0, it is clear that p n → p * . By letting n → ∞ in the above inequality, we get from the continuity of A, J
• 2 p, · , and G in assumptions that
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Thus, u ∈ S and so ∩ >0 Ω ⊂ S. Now, we suppose that
From the definition of approximating solution set Ω , Ω is increasing with respect to . Then by applying the Kuratowski theorem on page 318 in 35 , we have from 2.20 that S is nonempty compact and q , S e Ω , S H Ω , S −→ 0 as −→ 0.
2.24
Therefore, by Theorem 2.7, VHVI A, f, J, G is strongly well-posed by perturbations in the generalized sense.
Example 2.9. Let L be a finite-dimensional space with norm · L , let P ⊂ L be a closed ball in L, and let p * be a given point in P . We supposed that the perturbed mappings A : P ×V → V * , G, J : P × V → R of the mapping A, G, J are, respectively, specified as follows:
where α, β, γ are three positive numbers. It is obvious that A is continuous with respect to p, v due to the continuity of the mapping A : V → V * , and G is lower semicontinuous with respect to p, v and continuous with respect to p for any given v ∈ V because the functional G : V → R is proper convex and lower semicontinuous. Also, the perturbed functional J is locally Lipschitz with respect to v since J : V → R is locally Lipschitz. Furthermore, it is easy to check that the perturbed Clarke's generalized directional derivative corresponding to the perturbed function J can be specified as 
Links with Well-Posedness by Perturbations for Corresponding Inclusion Problem
In this section, we recall some concepts of well-posedness by perturbations for inclusion problems, which are introduced by Lemaire et al. 4 , and investigate the relations between the well-posedness by perturbations for VHVI A, f, J, G and the well-posedness by perturbations for the corresponding inclusion problem.
In what follows, we always let F be a set-valued mapping from real reflexive Banach space V to its dual space V * . The inclusion problem associated with mapping F is defined by
whose corresponding perturbed problem is specified as
where
Definition 3.1 see 4 . Let {p n } ⊂ P be a sequence in P with p n → p * . A sequence {u n } ⊂ V is said to be an approximating sequence corresponding to {p n } for inclusion problem IP F if u n ∈ dom F p n , · for all n ∈ N and d 0, F p n , u n → 0, or equivalently, there exists a sequence w n ∈ F p n , u n such that w n V * → 0 as n → ∞. Definition 3.2 see 4 . One says that inclusion problem IP F is strongly resp., weakly well-posed by perturbations if it has a unique solution, and for any {p n } ⊂ P with p n → p * , every approximating sequence corresponding to {p n } converges strongly resp., weakly to the unique solution of IP F . Definition 3.3 see 4 . One says that inclusion problem IP F is strongly resp., weakly well-posed by perturbations in the generalized sense if the solution set S of IP F is nonempty, and for any {p n } ⊂ P with p n → p * , every approximating sequence corresponding to {p n } has a subsequence converging strongly resp., weakly to some point of solution set S for IP F .
In order to obtain the relations between the strong resp., weak well-posedness by perturbations for variational-hemivariational inequality VHVI A, f, J, G and the strong resp., weak well-posedness by perturbations for the corresponding inclusion problem, we first give the following important lemma which establishes the equivalence between the variational-hemivariational inequality VHVI A, f, J, G and the corresponding inclusion problem. Although the lemma is a corollary of Lemma 4.1 in 32 with T 0, we also give proof here for its importance and the completeness of our paper. Proof. The proof of Theorem 3.7 is similar to Theorem 3.6, and so we omit it here.
